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 Weak separability and even homothetic weak separability are 
assumptions often made, sometimes implicitly, in modern 
macroeconomics and financial economics 

 They are used to reduce the agent’s decision problem into a 
recursive sequence of manageable choice problems.  



 William Barnett’s (1980) pioneering work on monetary 
aggregation builds a foundation for performing separability 
analysis on monetary and consumption data.  

 Barnett (1980) shows that weak separability of monetary 
assets is a necessary condition to construct monetary 
aggregates that are broader than currency and consistent with 
economic aggregation theory. 

 What Barnett pointed out about monetary aggregates fully 
holds for any economic aggregate.  



 Weak Separability is integral to two stage budgeting 
developed by Gorman (1959) 

 That is households solve their allocation decisions 
sequentially. 

 In the first stage, for example, the household chooses the 
optimal shares of total expenditure on various sectors of 
goods. 



 In the 2nd stage the household chooses the 
optimal amount of reals stocks of monetary 
assets. 

 A sufficient condition for two-stage 
budgeting is that that the subutility function 
in the second stage is homothetic. 

 This is our motivation for testing homothetic 
weak separabilility  

 

 



 

 Moschini (2001) shows that weak separability in the indirect 
utility fuction does not require imposing homotheticity or 
similar (theoretically) restrictive assumptions for the second 
stage of the two-stage budgeting process. 

 This is our motivation for investigating weak separability of 
the indirect utility function. 



 All US quarterly data that are seasonally adjusted and divided by 
civilian labor force age sixteen plus.  The data cover the period 
from the first quarter of 2000 to the third quarter of 2011. 

 We examine four categories of consumption goods and leisure: 

 SER: real expenditures on services ,  

 NDUR: real expenditures on nondurables,  

 DUR: real expenditures on durables,  

 LEIS: hours of leisure. 

 The prices of services and nondurables are the respective implicit 
price deflators.  The price of durables is a user cost.  



 The monetary assets are: 
 CUR+DD: currency plus demand deposits  
 TC: traveler’s checks 
 OCDCB and OCDTH: other checkable deposits at commercial banks 

and thrifts. 
 SD-CB and SD-TH: savings deposits at commercial banks and 

thrifts. 
 STDCB and STDTH: small time deposits at commercial banks and 

thrifts. 
  MMFR and MMFI: retail and institutional money market mutual 

funds. 
 TB: treasury bills, CP: commercial paper, LTD: large time deposits 



 The monetary assets and associated user costs are obtained 
from Historical Financial Statistics (2012) associated with the 
Center for Financial Stability. Demand deposits, other 
checkable deposits and savings deposits are adjusted for 
retail sweeps.  

 The monetary goods are deflated by the implicit price deflator 
to arrive at real per capita balances. The user costs for the 
monetary assets are multiplied by the implicit price deflator to 
yield nominal prices of a dollar of real balances.   

 Thus, we hypothesize a representative consumer with the 
above 17 arguments in the utility function 



 The utility function 𝑈 𝐱  is directly weakly separable in the 𝐲 
block of goods if there exists a macro function 𝑢 and a sub-
utility function 𝐷 such that 𝑈 can be written as 𝑈 𝒙 =

𝑈 𝒘, 𝒚 = 𝑢 𝒘,𝐷 𝒚 . 

 Weak separability of the direct utility function allows for 
aggregation of the goods in the subutility function using 
quantity indexes. 

 



 Varian’s theorem. Consider the data set 

𝔻 = 𝒛𝑡 , 𝒓𝑡,; 𝒘𝑡 , 𝒚𝑡 𝑡∈𝕋
. Conditions (a)-(d) 

are equivalent: 

 (a) There exists a weakly separable (in 
the 𝒚-goods), concave, strictly increasing 
and continuous [DIRECT]utility function 
rationalizing the data 𝔻. 

 



 So if conditions (b), (c), or (d) can be shown to be true then (a) 
is necessarily true. 

 Conditions (b), (c) and (d) follow in Varian’s test but are 
omitted to save space. 

 Conditions (b), (c) and (d) are testable conditions that can be 
used to check whether a data set can be rationalized by a 
well-behaved and weakly separable utility function.  

 



 To remedy computational complexity of implementing 
condition (c) and to avoid the limitations of condition (b), 
Cherchye, Demuynck, De Rock and Hjertstrand (2015) 
proposed a test procedure based on condition (d).  

 They show that condition (d) can be formulated as a mixed 
integer linear programming (MILP) problem. A MILP problem is 
very similar to a standard linear programming (LP) problem in 
the sense that it minimizes a linear objective function subject 
to a set of linear constraints, but a MILP problem is more 
general than an LP in that some variables may can take 
integer (binary) values. 



1. U(DUR, NDUR, SER, LEIS, V(CUR+DD, TC, OCD-CB, OCD-TH), SD-
CB, SD-TH, MMMF-R, STD-CB, STD-TH, MMMF-I, T-BILLS, CP, LTD) 
  
2. U(DUR, NDUR, SER, LEIS, V(CUR+DD, TC, OCD-CB, OCD-TH, SD-
CB, SD-TH), MMMF-R, STD-CB, STD-TH, MMMF-I, T-BILLS, CP, LTD) 
  
3. U(DUR, NDUR, SER, LEIS, V(CUR+DD, TC, OCD-CB, OCD-TH, SD-
CB, SD-TH, MMMF-R, STD-CB, STD-TH, MMMF-I, T-BILLS, CP, LTD)) 
  
4. U(V(NDUR, SER), DUR, LEIS, CUR+DD, TC, OCD-CB, OCD-TH, SD-
CB, SD-TH, MMMF-R, STD-CB, STD-TH, MMMF-I, T-BILLS, CP, LTD) 
   
5. U(V(DUR, NDUR, SER, LEIS), CUR+DD, TC, OCD-CB, OCD-TH, SD-
CB, SD-TH, MMMF-R, STD-CB, STD-TH, MMMF-I, T-BILLS, CP, LTD) 
  
 



 
6. U(DUR, NDUR, SER, LEIS, V(CUR+DD, TC, OCD-CB, OCD-TH, SD-CB, SD-TH, 
MMMF-R, STD-CB, STD-TH), MMMF-I, T-BILLS, CP, LTD) 
  
7. U(DUR, NDUR, SER, LEIS, V(CUR+DD, TC, OCD-CB, OCD-TH, SD-CB, SD-TH, 
MMMF-R, STD-CB, STD-TH, MMMF-I, LTD), T-BILLS, CP) 
  
8. U(DUR, NDUR, SER, LEIS, V(CUR+DD, TC, OCD-CB, OCD-TH, SD-CB, SD-TH, 
MMMF-R, MMMF-I), STD-CB, STD-TH, LTD T-BILLS, CP) 
  
9. U(V(NDUR, SER, DUR), LEIS, CUR+DD, TC, OCD-CB, OCD-TH, SD-CB, SD-TH, 
MMMF-R, STD-CB, STD-TH, MMMF-I, T-BILLS, CP, LTD) 
    
Notes: The sample period is 2000.1-2011.3. Source: Tables 1 and 2 in 
Hjertstrand, Swofford and Whitney (2016). 
 



 Structure 1 is FED defined M1 

 Structure 2 is a modern version of Friedman and Schwartz 
defined money 

 Structure 3 is the current equivalent of the FED defined L 

 Structure 4 is a narrow group of real consumption goods 

 

 



 Structure 5 is a more complete group of real consumption 
goods 

 Structure 6 is FED Defined M2 

 Structure 7 is FED Defined M3 

 Structure 8 is MZM or Mzero 

 Structure 9 is a consumption aggregate including consumer 
durables but not leisure 



              % of Violations 

Structure 1 (M1):       0  

Structure 2 (Friedman and Schwartz Money):  0 

Structure 3 (L):       0 

Structure 4 (Narrow Consumption):    0 

Structure 5 (Broad Consumption with Leisure): 0 

Structure 6 (M2):       0.28 

Structure 7 (M3):       0.09 

Structure 8 (MZM or Mzero):     4.81 

Structure 9 (Broad Consumption without Leisure): 0.09 

Results from Hjertstrand, Swofford and Whitney (2016). 



 The indirect utility function 𝑉 𝐩  is indirectly 
weakly separable in the 𝐫  block of 
expenditure-normalized prices if there exists 
a macro function 𝑣 and a sub-indirect utility 
function 𝐼 such that 𝑉 can be written as 

𝑉 𝒑 = 𝑉 𝒛 , 𝒓 = 𝑣 𝒛 , 𝐼 𝒓 .  

 Moschini (2001) shows that weak separability 
of the indirect utility function does not 
require any additional restrictions for two 
stage budgeting besides regularity 

 



 Hjertstrand and Swofford (2012) derived necessary and 
sufficient revealed preference conditions for indirect weak 
separability 

 Cherchye, Demuynck, De Rock and Hjertstrand (2015) showed 
that these conditions can be implemented by simply 
interchanging quanties with expenditure normalized prices 
and vice-versa 

 



      % of Violations 

  

Structure 1 (M1):       0.09 

Structure 2 (Friedman and Schwartz Money):  0.42 

Structure 3 (L):              10.13 

Structure 4 (Narrow Consumption):    0 

Structure 5 (Broad Consumption with Leisure): 0 

Structure 6 (M2):       0.09 

Structure 7 (M3):              10.31 

Structure 8 (MZM or Mzero):            19.20 

Structure 9 (Broad Consumption without Leisure): 0.09 

 

 



 The utility function 𝑈 𝒙  is homothetically weakly separable in 
the 𝐲 block of goods if there exists a macro function 𝑢 and a 
homothetic sub-utility function 𝐻 such that 𝑈 can be written 
as 𝑈 𝒙 = 𝑈 𝒘, 𝒚 = 𝑢 𝒘,𝐻 𝒚  

 Gorman (1959) showed that this condition is sufficient to 
obtain an exact solution to the first stage utility maximization 
problem by using the corresponding price and quantity 
indexes derived from the second stage structure. 

 However, imposing homotheticity on the sub-utility function 
is restrictive insince it implies expenditure elasticities equal to 
unity for all goods in the   



 Varian (1983) set forth revealed preference 
conditions for homothetic weak separability 

 Homothetic weak separability imposes 
homotheticity on the sub-utility function. 

 A test for homothetic weak separability based 
on condition (d) involves one extra constraint 

 Homothetic weak separability is a sufficient 
condition for equivalence between direct and 
indirect weak separability  



      % of Violations 

  

Structure 1 (M1):       100 

Structure 2 (Friedman and Schwartz Money):  100 

Structure 3 (L):                100 

Structure 4 (Narrow Consumption):    100 

Structure 5 (Broad Consumption with Leisure): 100 

Structure 6 (M2):       100 

Structure 7 (M3):               100 

Structure 8 (MZM or Mzero):             100 

Structure 9 (Broad Consumption without Leisure): 100 

 

 

 



 The weak separability structures reported in Hjerstrand, Swofford and Whitney 
(2016) based on direct utility function do not follow through to the indirect utility 
function.   

 Homothetic weak separability of the direct utility function fails 100% of the time in 
all cases as is typical 

 Researchers might be careful about using price indexes based on work on results 
from structure in direct utility functions as the price indexes that require structure 
in the indirect utility function and structure in the direct does not necessarily imply 
the same structure in the indirect utility function 

 Researchers using superlative index numbers that maintain the assumption of 
homogeneous to degree 1 or homothetic preferences should be cautious. 

 



 Varian (1990) developed his Afriat Efficiency Index (AEI) which 
is a measure of wasted income. If AEI for a consumer is less 
than one, then the consumer could have obtained the same 
level of utility by only spending the fraction of his expenditure 
given by the index. Varian (1990) interpreted the Afriat 
efficiency index (AEI) as a measure of goodness-of-fit. 

 In the case of homothetic utility maximization, Heufer and 
Hjertstrand (2017) adapted the AEI to  homotheticity and 
developed a homethetic efficiency index (HEI) 

 

 



 AEI is a number 0 < 𝑒 ≤ 1 that when multiplied by the constraints 
associated with condition (d) so that the constraints hold. 

 AEI is defined as the maximum value of 𝑒 such that condition (d) 
has a feasible solution. 

 HEI is defined as the maximal 𝑒 such that condition (d) has a 
feasible solution when the addition constraint for homotheticity is 
imposed. 

 Heufer and Hjertstrand (2017) suggested AEI − HEI /AEI as a 
misspecification index (MSI) and showed that this index can be 
interpreted as the additional inefficiency from imposing 
homotheticity. 

 

 



     AEI/HEI  MSI 
  
Structure 1: Direct   1.0 
           Indirect   0.9986  
  Homothetic  0.9984  0.0016 
 
Structure 2.  Direct   1.0 
   Indirect   0.9927 
  Homothetic  0.9822  0.0178 
 
Structure 3: Direct   1.0 
  Indirect   0.9747 
  Homothetic  0.9634  0.0366 
               
 
   



     AEI/HEI  MSI 
  
 
Structure 4: Direct   1.0 
           Indirect   1.0 
  Homothetic  0.9999  0.0001  
 
Structure 5.  Direct   1.0 
   Indirect   0.9999 
  Homothetic  0.9997  0.0003 
 
Structure 6: Direct   0.9985 
  Indirect   0.9920 
  Homothetic  0.9758  0.0227 
               
 
 



     AEI/HEI MSI 
  
 
Structure 7: Direct   .9998    
           Indirect  .9661 
  Homothetic  .9645  0.0353 
 
Structure 8.  Direct   0.9920 
   Indirect  0.9668  
  Homothetic  0.9562 0.0361 
 
Structure 9: Direct   0.9999 
  Indirect  1.0 
  Homothetic  0.9996 0.0002 

 



 We have tested US consumption, leisure and financial 
data for various types of weak separability 

 We repeat our prior finding the direct utility function.  
We find that tests of the same weak separability 
structures for the indirect utility function and 
homothetic utility function does not hold. 

 But indirect and homothetic weak separability may 
not be so bad, ie Santa Claus 

 If a researcher is willing to accept some degree of 
error due to imposing restrictions on this data, then 
to paraphrase Gorman, indirect and homothetic weak 
separability do not seem to do not do too much 
violence to the facts 

 

 


